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Introdu
tion

• The Equation of State (EoS); p, ǫ, s as a fun
tion of T is anunambiguous predi
tion of the QCD Lagrangian

• The EoS is an important input for hydrodynami
al modelsof heavy-ion 
ollisions
• Perturbation theory is only reliable at very large T

• Latti
e QCD is an appli
able non-perturbative tool to deter-mine the EoS



Latti
e QCD introdu
tion
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Fundamental Fields:Gauge �elds:

Uµ(x) ∈ SU(3) live on the linksQuarks:

Ψ(x), Ψ̄(x)anti-
ommuting Grassmann variables live on the sitesWilson fermions: O(a) artefa
tsStaggered fermions: O(a2), BUT �avour symmetry violation



Partition fun
tion

Z =
∫

dUdΨdΨ̄e−SE

SE is the Eu
lidean a
tionParameters:gauge 
oupling gquark masses mi (i = 1..Nf)(Chemi
al potentials µi )Volume (V ) and temperature (T )

Finite T ↔ �nite temporal latti
e extension
T =

1

NtaContinuum limit: a → 0Renormalization: keep the physi
al spe
trum 
onstantat �nite T :
ontinuum limit ⇐⇒ Nt → ∞



Improved a
tions

SE is not unique; many possibilitiesfrom �i
 to 
lover and tadpole, hyper-improved and evenoverimproved improvements

Continuum limit is always important!
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[Heller, Kars
h, Sturm '99℄Continuum extrapolation from Nt and Nt + 2 standard a
tionmay be better than using only Nt with improved a
tion



How reliable is latti
e QCD?At T = 0: Hadron spe
trumbased on the QCD Lagrangian (quarks+gluons)no more � no less than the experimental spe
trumquantitative agreement on the per
ent levelalready in the quen
hed approximation
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[Hasenfratz, Juge, Niedermayer, 2004℄At T > 0: no 
lear 
onne
tion between experiments and latti
e (yet)experien
es from T = 0 are promising



Equation of state from latti
e simulations

energy density (ǫ) and pressure (p) from partition fun
tion:

ǫ(T ) =
T2

V

∂(logZ)

∂T
p(T ) = T

∂(logZ)

∂V
.

T, V are varied by a, take derivative with respe
t of a

ǫ − 3p

T4
= −

L3
t

L3
s
a
d(logZ)

da

the pressure (p ∝ log[Z]) along the LCP by the integral method:

p

T4
= L4

t

∫

d(β, m · a)

(

∂(logZ)

∂β
,
∂(logZ)

∂(m · a)

)



Renormalization of the pressure

We want p(T = 0) = 0 and ǫ(T = 0) = 0 →Simulations at both
T > 0 (Nt ≪ Ns) and T = 0 (Nt >

∼Ns)are ne
essary and then subtra
tion:

p

T4
=

pT

T4
−

p0

T4
;

ǫ

T4
=

ǫT

T4
−

ǫ0
T4numeri
al pre
ision needed for the subtra
tion in
reases with N4

t

→ CPU 
osts grow faster (O(1/a13)) than for T = 0 simulations

Today

Nt = 4 is easy

Nt = 6 is di�
ult

Nt = 8 is a 
hallenge



Re
ent latti
e resultsWilson fermions: O(a), slower
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[Ali-Khan et al, '01℄Staggered fermions: O(a2), faster
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h, Laermann, Peikert, 2000℄Ongoing proje
ts: MILC, Bielefeld-Brookhaven-Columbia



Weaknesses of these results1. Unrealisti
 quark massesmight be important, sin
e Tc >
∼mπ2. No Line of 
onstant physi
s (LCP) used

T = 1/(Nta) is in
reased with de
reasing aphysi
al spe
trum (mπ, mK, mρ, . . . ) should not 
hange3. �avour symmetry violation (staggered)unphysi
al, large pion non-degenera
y4. Approximate algorithms were usedR algorithm: systemati
 error due to �nite stepsizehigh pre
ision subtra
tion 
an be sensitive to it5. Latti
e artefa
tsimproved a
tion with Nt = 4 only6 S
ale determinationno string-tension in dynami
al QCD
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ision subtra
tion 
an be sensitive to it5. Latti
e artefa
ts Nt = 4,6improved a
tion with Nt = 4 only6 S
ale determination qq̄ for
e at 0.5fmno string-tension in dynami
al QCD



New latti
e results for the EOS[Y. Aoki, Z. Fodor, SDK, K.K. Szabo℄Main features:
• Physi
al mass spe
trum is used for T > 0 simulations

• Use of LCP:physi
al spe
trum un
hanged while a 
hanges

• Exa
t algorithm (RHMC) is usedto get rid of stepsize errors
• Supressed �avour symmetry violation1-loop improved Symanzik gauge a
tion +stout improved fermioni
 a
tion
• Two sets of latti
e spa
ings

Nt = 4 and 6 simulations

• Unambiguous s
ale setting



Stout improvementStout smearing:repla
e the U(x)µ gauge links with V stout links:

unphysi
al non-degenera
y of pions largely redu
ed:
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Quark number sus
eptibilitiestransition temperature

χff ′ =
T

V

∂2 logZ

∂µf∂µf ′

• experimentally relevant

• ni
e peak in ∂χss/∂β(pseudo)
riti
al 
oupling forphysi
al quark masses:

Nt = 4 :

Tc = 186(3)(3) MeV

Nt = 6 :

Tc = 193(6)(3) MeV



Chiral 
ondensate

Simulations for mud = {1,3,5,7,9}mphys at �nite T

extrapolate to m = 0 → 2nd order phase transition expe
ted

Nt = 6 : Tc(m = 0) = 191(5)(2) MeV



The pressure,energy density and entropy density for Nt = 4



The pressure,energy density and entropy density for Nt = 6



S
aling of the pressureComparison of Nt = 4 and Nt = 6

• No good s
aling yet. Most probably Nt = 4 is too 
oarse

→ Nt = 8 might be needed for �nal 
ontinuum-extrapolated result



Summary, Con
lusions

• Previous results on EoS su�er from several weaknesses

• New results improve on these points

• Transition temperature using di�erent methods: Tc ≈ 189(8) MeV

• EoS is presented for two sets of latti
e spa
ings

• Continuum-extrapolation already possible, butbetter to wait for even �ner latti
es


