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Evidence of the early stage equilibration

Success of hydrodynamic models in describing elliptic flow
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Equilibration is fast
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Eccentricity decays due to the free streaming!
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U. Heinz,  AIP Conf. Proc.739, 163 (2004)
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Collisions are too slow

hard scattering ~ momentum 
transfer of order of T

Time scale of hard parton-parton scattering
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R. Baier, A.H. Mueller, D. Schiff & D.T. Son, Phys. Lett. B539, 46 (2002)
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Instabilities

stationary state Instability
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Plasma instabilities

instabilities in configuration space – hydrodynamic instabilities

instabilities in momentum space – kinetic instabilities

instabilities due to non-equilibrium 
momentum distribution
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Kinetic instabilities

)(e~,|| krEk −ω−δρ tilongitudinal modes –

)(e~, krjEk −ω−δ⊥ titransverse modes –

E – electric field,  k – wave vector, ρ – charge density, j - current
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Logitudinal modes

unstable configuration
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Logitudinal modes

Electric field decays - damping Electric field grows - instability
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Transverse modes

Unstable modes occur due to anisotropy of the momentum distribution
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Momentum distribution distribution can monotonously decrease in every direction

Transverse modes are relevant for relativistic nuclear collisions!
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Momentum Space Anisotropy in Nuclear Collisions

Parton momentum distribution is initially strongly anisotropic
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Seeds of instability
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Mechanism of filamentation
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Dispersion equation

Equation of motion of chromodynamic field Aµ in momentum space
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gluon self-energy
Dispersion equation
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Transport theory – transport equations

( ) ( )

( ) ( )

( ) ( ) g
v
pv

v
pv

v
pv

CxpGxgpp

CxpQxFgpDp

CxpQxFgpDp

=∂−

=∂+

=∂−

µ
µµ

µ

µ
µµ

µ

µ
µµ

µ

,)(

,)(

,)(

FD

quarks
fundamental

antiquarks

adjoint gluons

free streaming mean-field force  collisions 

],[,....],[ νµµννµµνµµµ −∂−∂≡−∂≡ AAigAAFAigD

],,[ GQQjFD νµν
µ = mean-field generation

collisionless limit: 0=== gCCC



16

Transport theory - linearization
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Transport theory – polarization tensor
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Diagrammatic Hard Loop approach
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St. M. & M. Thoma, Phys. Rev. C 62, 036011 (2000)
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Dispersion equation

Dispersion equation

0)]([det 2 =Π−− µννµµν kkkgk

),( kω≡µk

0)( =Πµν
µ kk

)(1)( 2 kk ijijij Π
ω

−δ=ε chromodielectric tensor

Dispersion equation

0)]([det 22 =εω−−δ kkk ijjiijk

])[(1)(
0)2(2

)( 3

32

ω
+δ

ω
−

∂
∂

+−ωπω
+δ=ε +∫

jl
lj

l

i
ijij vk

p
f

i
vpdgk kvp

kv

E/pv ≡



20

Dispersion equation – configuration of interest

Direction of the momentum surplus
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Existence of unstable modes – Penrose criterion

),()( 22 kkH zz ωεω−≡ω
−

+

π=φ
π=φ

ω=
ω
ω

π
ω

∫ )(ln)(ln
2

H
d
Hd

i
d

C=
ω
ω

ωπ
ω

∫ d
dH

Hi
d )(

)(
1

2
C number of zeros of H(ω) in C

HIm

HRe

−∞=ω

∞=ω

ω = 0

ω = 0

0

∞=ω i

ωIm

C

ωRe

There are unstable modes if

0)0( <=ωH

Anisotropy!



22

Unstable solutions

2
||

2
||

2
322

||

4

2/3

2/1
e

)(
12)( σ

−

⊥⊥

⊥

σ+σ
ρσ

π
=

p

p
f p 3.04/2 =π=α gs

3fm6 −=ρ

GeV3.0=σ⊥

0),(22 =ωεω− kk zz

kik γ±=ω )(

ℜ∈γ< k0

J. Randrup & St. M., Phys. Rev. C 68, 034909 (2003)

solution



23

Growth of instabilities – 1+1 numerical simulations

γ* - maximal growth rate
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A. Rebhan, P. Romatschke & M. Strickland, Phys. Rev. Lett. 94, 102303 (2005)
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Growth of instabilities – 1+1 numerical simulations

electric

magnetic

Classical system of colored 
particles & fields

initial fields: Gaussian noise as in 
Color Glass Condensate

hard

22

e)(~),(0
p

pp

x

zy

pf
+

−
δxp

initial anisotropic particle distribution:

GeV10hard =p

fm40=L 3fm10 −=ρ
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Growth of instabilities – 1+3 numerical simulations

nonAbelian 1+3

nonAbelian 1+1Abelian 1+3
Strongly anisotropic particle’s momentum distribution

SU(2) Hard Loop Dynamics

A. Rebhan, P. Romatschke & M.Strickland, 
hep-ph/0505261

P. Arnold, G.D. Moore & L.G. Yaffe, 
hep-ph/0505212 
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Abelanization
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Abelanization – 1+1 numerical simulations

Classical system of colored particles & fields
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Abelanization – 1+1 numerical simulations
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Abelanization – 1+3 numerical simulations

SU(2) Hard Loop Dynamics
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Beyond Hard Loop level
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Isotropization - particles

Direction of the momentum surplus
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Isotropization - fields

Direction of the momentum surplus
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Isotropization – numerical simulation

Classical system of colored particles & fields
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Conclusion

The scenario of instabilities driven equilibration 
is a plausible solution of the fast equilibration 

problem
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